
Math 523: Numerical Analysis I

Solution of Homework 5. Numerical Differential Equations

Problem 1. Find the A-stable region for the Crank-Nicolson scheme for first order ODE and
prove it is unconditional stable.

Solution. The Crank-Nicolson method is an implicit finite difference method for first order
ODE’s:

yn+1 = yn +
k

2
(
f(tn, yn) + f(tn+1, yn+1)

)
.

To understand its A-stable region, we consider the model linear ODE problem{
y′(t) = λy, t ∈ [0,∞)
y(0) = 1,

Hence, it is easy to show that the numerical solution obtained by the C-N method for the model
problem is

yn =

(
1 + 1

2λk

1− 1
2λk

)n

.

If |λk| < 0, yn goes to zero. So for any λ such that |λk| < 0, the method is stable. This means
the C-N method is unconditional stable.

Problem 2. What is the local truncation error of the second-order BDF scheme and what do
you expect the convergence rate should be?

Solution. The BDF2 method can be written as

yn+1 =
4
3
yn −

1
3
yn−1 +

2
3
kf(tn+1, yn+1).

We define the local truncation error to be

Tn+1 :=
y(tn+1)− 4

3y(tn) + 1
3y(tn−1)

2
3k

− f(tn+1, y(tn+1)).

Note that here y is the exact solution! In order to find the order of local truncation error with
respect to the time stepsize k, we use Taylor expansion as usual. For simplicity, we expand y(tn)
and y(tn−1) at tn+1 up to O(k3) to obtain Tn+1 = O(k2), if the third derive of y(t) is bounded.
In turn, we expect the convergence rate of the error is O(k2).

Problem 3. Use the C-N and 2nd order BDF to solve the following problem:{
y′(t) = −10y, t ∈ [0, 1]
y(0) = 1,

with different time stepsize k. Find out the convergence rate.
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Problem 4. Use the fourth order Runge-Kutta method to solve the same problem in Problem
3 and find out the convergence rate.

Solution to Problem 3 and 4. We first find that the exact solution is y(t) = e−10t. To find
the convergence rates of these numerical methods to the test problem, we look at the absolute
error at the time level t = 1 and use different time stepsize k. For simplicity, we start from
k = 1/2 and then k = 1/4, 1/8 etc (every time reducing k by a factor of 0.5.)

And then we find the following results for the C-N method:

stepsize | error

0.500000 | 1.836281e-01

0.250000 | 1.070159e-04

0.125000 | 3.735683e-05

0.062500 | 1.328003e-05

0.031250 | 3.599063e-06

0.015625 | 9.176602e-07

0.007812 | 2.305403e-07

0.003906 | 5.770551e-08

It is clear that the error reduces by a quarter factor every time. This means the error converges
in second order as we expected. Similar from the following table, we find the BDF2 method is
also second order:

stepsize | error

0.500000 | 2.568643e-02

0.250000 | 1.567040e-02

0.125000 | 7.625441e-04

0.062500 | 6.020761e-05

0.031250 | 1.397348e-05

0.015625 | 3.199301e-06

0.007812 | 7.586133e-07

0.003906 | 1.843429e-07

On the other hand, the fourth order Runge-Kutta is much faster. The error reduces by a factor
of 1

16 . So it is fourth order as discussed in class.

stepsize | error

0.500000 | 1.879184e+02

0.250000 | 1.767506e-01

0.125000 | 3.444475e-05

0.062500 | 9.853587e-07

0.031250 | 4.688158e-08

0.015625 | 2.569326e-09

0.007812 | 1.504303e-10

0.003906 | 9.100345e-12
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The following simple Matlab code is for Problem 3 and 4.
% Homework 5 Problem 3 and 4

clear all; clc;

T = 1.0; num_k = 8; lambda = -10;

%% C-N method

err_CN = zeros(num_k,1);

disp(sprintf(’Crank-Nicolson method:’));

disp(sprintf(’ stepsize | error’));

for j = 1:num_k

y0 = 1.0; n = 2^j; k = T/n;

for i = 1:n

y1 = y0*(1+lambda*k/2)/(1-lambda*k/2);

y0 = y1;

end

err_CN(j) = abs(y1-exp(lambda*T));

disp(sprintf(’ %8f | %12.6e ’, k, err_CN(j)));

end

%% BDF2 method

err_BDF2 = zeros(num_k,1);

disp(sprintf(’BDF2 method:’));

disp(sprintf(’ stepsize | error’));

for j = 1:num_k

y0 = 1.0; n = 2^j; k = T/n;

y1 = y0 / (1-lambda*k);

for i = 2:n

y2 = (y1*4/3-y0/3)/(1-lambda*k*(2/3));

y0 = y1; y1 = y2;

end

err_BDF2(j) = abs(y1-exp(lambda*T));

disp(sprintf(’ %8f | %12.6e ’, k, err_BDF2(j)));

end

%% RK4 method

err_RK4 = zeros(num_k,1);

disp(sprintf(’RK4 method:’));

disp(sprintf(’ stepsize | error’));

for j = 1:num_k

y0 = 1.0; n = 2^j; k = T/n;

for i = 1:n

phi1 = lambda*y0;

phi2 = lambda*(y0+k*phi1/2);

phi3 = lambda*(y0+k*phi2/2);

phi4 = lambda*(y0+k*phi3);

y1 = y0 + k*(phi1/6+phi2/3+phi3/3+phi4/6);

y0 = y1;

end

err_RK4(j) = abs(y1-exp(lambda*T));

disp(sprintf(’ %8f | %12.6e ’, k, err_RK4(j)));

end

Problem 5. Consider the two-point boundary value problem{
−uxx = f(x)
u(0) = u(1) = 0.

Show the stability result ‖u‖∞ ≤ 1
8‖f‖∞ and the uniqueness of the solution.

Solution. From the representation of the exact solution for this two-point boundary value
problem, we have

u(x) =
∫ 1

0
G(x, y)f(y)dy,
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where

G(x, y) :=

{
y(1− x) 0 ≤ y ≤ x
x(1− y) x ≤ y ≤ 1.

Then we can see that

|u(x)| ≤ ‖f‖∞
∫ 1

0
|G(x, y)|dy =

1
8
‖f‖∞, ∀x ∈ [0, 1].

Hence we obtain the stability estimate ‖u‖∞ ≤
1
8
‖f‖∞, which in turn gives the uniqueness of

the solution immediately. This is because if there are two solutions u1 and u2, both satisfying
the equation. Then u1 − u2 satisfies the equation with 0 right-hand side. From the stability
result proved above, we obtain that

‖u1 − u2‖∞ ≤ 0.

Hence u1 = u2.

Problem 6. Consider the two-point boundary value problem{
−uxx = π2 sin(πx)
u(0) = u(1) = 0.

First find the exact solution to this equation. Using a finite difference scheme to discretize the
problem on a uniform mesh with N subintervals. And then apply the Gauss-Siedel iteration to
solve the discretized system A~u = ~b (with initial guess 0 and stopping criteria ‖A~ui −~b‖/‖~b‖ ≤
10−8). Then report (1) how the discretization error depends on the degree of freedom; and (2)
how the number of iteration of G-S depends on the degree of freedom.

Solution. In this problem, we try to find the relation between the degree of freedom and the
discretization error/number of iterations for the Gauss-Siedel iteration. We have discussed in
class that the discretization error for the finite difference method for this two-point boundary
value problem is O(h2) in L∞-norm. This means that if we double the DOF, then the error in
maximum norm should decrease by a quarter. And the following numerical results confirm the
expectation:

DOF | error | Num of It

2 | 2.337006e-01 | 2

4 | 5.302928e-02 | 29

8 | 1.295074e-02 | 119

16 | 3.218955e-03 | 477

32 | 8.035678e-04 | 1911

64 | 2.008118e-04 | 7644

We also find the number of iterations of G-S method increase by four times. So we expect that
for this problem, the required number of iterations for G-S is like O(h−2). The programming of
finite difference methods is relatively easy, see the following example:
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% Homework 5 Problem 6

h = 1/n; x = h*(1:n-1)’;

u0 = 0*x; ustar = sin(pi*x);

f = h^2*pi^2*sin(pi*x);

e = ones(n-1,1); A = spdiags([-e 2*e -e], -1:1, n-1, n-1);

[u,it] = gs(A,f,u0,ustar,50000,1e-8);

Problem 7. Find the weak formulation of the following equation in the classical sense{
−uxx = f(x)
ux(0) = ux(1) = 0.

And explain why this method is not well-defined.

Solution. We start with the first equation by multiplying a test function v and integrate on
the unit interval. As usual, we do integration by parts and obtain

(ux, vx) = (f, v).

Since we have the Neumann boundary condition, the equation above is true for any test function
v ∈ C1(Ω). Note we don’t need any boundary condition for the test functions! Now let’s consider
the other direction by assuming u ∈ C2(Ω) as the classical solution. And then by integration by
parts, we obtain:

uxv|10 −
∫ 1

0
uxxvdx =

∫ 1

0
fvdx, ∀v ∈ C1(Ω).

We first choose v ∈ C1
0 (Ω) which means v(0) = v(1) = 0. Then we obtain the classical form of

the equation −uxx = f . On the other hand, if we now choose v = x, we obtain ux(1) = 0; if we
choose v = 1− x, we obtain that ux(0) = 0. Hence, we can write the weak form as

Find u ∈ H1(Ω) : (Du,Dv) = (f, v), ∀v ∈ H1(Ω).

We observe that this equation is well-defined up to a constant because if u is a solution
to the classical differential equation, u + C is also a solution with any constant C. So there is
no unique solution. Furthermore, for the equation to make sense, we should add some extra
consistent condition to the right-hand side function f . This is because if we take v = 1 in the
weak form, then we find

∫ 1
0 f(x)dx = 0, which means f has zero-average. If this condition does

not hold, then the original equation even has no weak solution.
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