
Math 523: Numerical Analysis I

Homework 1. Numerical Linear Algebra

Problem 1. Suppose our imaginary computer uses 16 bits to store a binary number with one
bit to denote the sign (0 for positive numbers and 1 for negative numbers).

(a) If we store integers as fixed-point numbers, what is the maximal possible positive integer
we can store on this computer? What is the minimal possible negative integer?

(b) If we store a real value as a floating-point number in the following way: one bit for the
sign, 11 bits for the mantissa (we store the fraction part only as in IEEE floating-point real
number standards), 4 bits for the exponent (bias is 8). What is the overflow, underflow
and precision for this system?

Problem 2. Suppose we have a computer which can only stores 4 digits after the decimal with
round-off. For example, the real number 0.123756 is stored as 0.1238 on this computer. As we
discussed in class, if we compute 0.12378− 0.12362, the relative error is 25%. Give an example
with simple arithmetic which gives you relative error even bigger than 100%.

Problem 3. For a polynomial of degree n, p(x) = a0 +a1x+ · · ·+anxn, design an algorithm to
evaluate value of p(x0) for any given point x0. Try your best to make the algorithm involving as
less multiplications as possible. Note that powers are considered as multiplications. For example
if you compute x3

0 as x0 ∗ x0 ∗ x0, then it takes two floating-point multiplications.

Problem 4. Suppose we use a computer with floating point arithmetic which has 4 decimal
digits precision with round-off. Solve the following linear system by hand using Gauss elimination
with row pivoting:  6 2 2

2 2/3 1/3
1 2 −1


 x1

x2

x3

 =

 −2
1
0

 .

What are the absolute error and the relative error?

Problem 5. Let H be the Householder matrix with Householder vector v = x + ‖x‖2em where
x, em ∈ Rn and em is the m-th unit vector (the m-th entry is 1; the rest entries are equal to 0).
Show that

Hx = −‖x‖2em.

Problem 6. Implement the QR factorization using Gram-Schmidt orthogonalization and then
apply your program to the famous Hilbert matrices, H4. A Hilbert matrix Hn is defined as
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the square matrix with the (i, j)–entry equals 1/(i + j − 1) for i, j = 1, . . . , n). Is your matrix
Q orthogonal numerically? Compute ‖I − QT Q‖2 using the Matlab function norm. Compute
R = QT H4. Is R an upper triangular matrix? How about H8 and H12? Compare your results
with the build-in Matlab QR factorization. Note that, in Matlab, there is function hilb for
constructing the Hilbert matrix and a function qr to compute QR factorization of a matrix.

Problem 7. Design an efficient algorithm to solve the linear system Ax = b with the coefficient
matrix A which has the following special structure

A =



a11 a12 a13 · · · a1n

a12 a22 0 · · · 0
a13 0 a33 · · · 0
· · · · · · ·
· · · · · · ·
· · · · · · ·

a1n 0 0 · · · ann


.

Analyze the complexity of your designed algorithm and try to make it as low as possible. Note
that you could design O(n) algorithms for this example. Discuss why it is not a good idea to
apply LU decomposition or Gauss elimination to this specific system computationally.

Problem 8. Consider the linear system Ax = b with

A =


5 7 6 5
7 10 8 7
6 8 10 9
5 7 9 10

 , b =


23
32
33
31

 .

Implement Jacobi iteration, Gauss-Seidel iteration, block Jacobi and block Gauss-Seidel meth-
ods. Apply these methods to the linear system above and plot the error ‖xk − x∗‖ vs iteration
number k. Which algorithm converges faster? Note: for the block Jacobi and block G-S, you
can choose to divide the matrix as 2× 2 blocks.

Problem 9. Verify that the Jacobi iteration reduces to the backward substitution when it is
applied to a linear system Ux = b, where U is an upper triangular matrix (assume the initial
guess x0 = (0, 0, . . . , 0)T ).

Problem 10. Implement the SOR method. By taking the relaxation parameter

ω = 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6,

apply your SOR code to Hnx = e. Here Hn is the Hilbert matrix and the unit vector e ∈ Rn

(all entries of e are 1). Choose different size of the problem n and compare the performance in
terms of convergence speed.
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Problem 11. Analyze the computational complexity of QR decomposition using Householder
transformation.

(a) Write an algorithm (pseudo code) for the QR decomposition discussed in class. Try to
make it as efficient as possible because we need to analyze its efficiency here.

(b) If matrix A ∈ Rn×n is a generic full matrix, what is the complexity of QR decomposition.

(c) If matrix A is an upper Hessenberg matrix, what is the complexity?

Problem 12. If A be a 2 × 2 positive definite matrix, A = QR is the QR decomposition of
A (Q is orthogonal and R is upper triangular). Write an algorithm for the QR method and
implement your algorithm. Apply your program to the following matrix(

3 2
2 5

)
.

First find the exact eigenvalues of the problem; and then compare your computed eigenvalues
with the exact ones.
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