
Math 523: Numerical Analysis I

Solution of Homework 2. Interpolation and Approximation

Problem 1. Give data {(xi, yi)}ni=1. Let ωn(x) :=
∏n
i=1(x− xi). Show that

ω′n(xj) =
n∏

i=1,i 6=j
(xj − xi).

In turn, prove the following alternative formula for the Lagrange polynomial interpolation

p(x) =
n∑
i=1

yi ωn(x)
(x− xi)ω′n(xi)

.

Solution. This is a calculus problem. We can view ωn as the multiplication of two polynomials:

ωn(x) = (x− xj)
n∏

i=1,i 6=j
(x− xi).

By product rule, it is easy to see the derivative of ωn is

ω′n(x) =
n∏

i=1,i 6=j
(x− xi) + (x− xj)q(x),

where q(x) is some polynomial which we don’t care about. By plugging x = xj , the second term
becomes zero and hence the result.
Problem 2. Let xi = −1 +

2(i− 1)
n− 1

for i = 1, . . . , n be a uniform partitioning of [−1, 1]. Plot

the Lagrange basis functions li(x), i = 1, . . . , n for n = 5.

Solution. The Lagrange basis functions are global which means they are not zero even far away
from the peak. See Figure 1. The Matlab code plotlagrange is attached below.

Figure 1: Lagrange Basis Functions for 5 Data Points
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function plotlagrange( x )

% plot lagrange basis functions

figure(1); clf; hold on;

n = length(x); xx = linspace( min(x), max(x), 100 );

for j = 1:n

L = ones( size(xx) );

for k = 1:n

if (k == j), continue; end

L = L .* (xx - x(k))./(x(j) - x(k));

end

plot( xx, L, ’-k’, ’LineWidth’, 1.5 );

text( x(j), 1.1, sprintf( ’L_%d(x)’, j ) );

end

plot( x, ones( size(x) ), ’.b’, ’MarkerSize’, 18 );

plot( x, zeros( size(x) ), ’sr’ );

axis( [min(x)-0.2, max(x)+0.2, ceil(min(L))-1.0, floor(max(L))+0.5] );

title(’Lagrange Basis Functions’);

return

Problem 3. Given n data points {(xi, yi)}ni=1, write a program which returns the interpola-
tion polynomial value at certain point x. Use the Newton’s polynomial interpolation form to
implement your program.

(a) Given data
{(

xi,
1

1 + x2
i

)}n
i=1

with xi = −1 +
2(i− 1)
n− 1

. Using your program to compute

the interpolation value pn(x) at x =
√

3/2 with n = 5, 10, 15, 20. What do you expect
the interpolation value should be? Does the computed values converges to the value you
expected as n increases?

(b) Now given data
{(

xi,
1

1 + x2
i

)}n
i=1

with xi = −5+
10(i− 1)
n− 1

. Answer the same questions

as in (a) for x = 1 +
√

10.

Solution. For the first part, the interpolation value convergences to the exact function value
at
√

3/2 as n increases. But it is not the case the second part. Note that, in the convergence
result, the interpolation error behaves like

‖f − pn‖∞ ≤ Chn‖f (n)‖∞,

if pn ∈ Pn−1 is an interpolation polynomial of degree n − 1. So the error should goes to zero
if f is smooth enough. But in this example, the derivatives of f increases very quickly which
make the right hand side of the error bound very big. This is why we do not see convergence.
The Matlab code which computes the polynomial interpolation value using Newton’s polynomial
interpolation method as well as the divided difference table is listed below.
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% Homework Set 2 Problem 2

close all; clear all;

n = 20;

% Part a

for n = [5 10 15 20]

x = -1:2/(n-1):1; y = 1./(1+x.^2); x0 = 3^0.5/2;

[y0,F] = newtoninterp(x,y,x0);

err = abs( y0 - 1/(1+x0^2) )

end

% Part b

for n = [5 10 15 20]

x = -5:10/(n-1):5; y = 1./(1+x.^2); x0 = 1+10^0.5;

[y0,F] = newtoninterp(x,y,x0);

err = abs( y0 - 1/(1+x0^2) )

end

====================================================

function [y0,F] = newtoninterp(x,y,x0)

% Newton’s Polynomial Interpolation with Divided Diff

%getting the number of points from the x-vector

n = length(x);

%the 1st column in the divided differences table

F = zeros(n,n); F(:,1) = y(:);

%the rest of the entries in the table

for i = 2:n

for j = 2:i

F(i,j)=(F(i,j-1)-F(i-1,j-1))/(x(i)-x(i-j+1));

end

end

%evaluating the polynomial at the specified point

y0 = F(n,n);

for i = n-1:-1:1

y0 = y0*(x0-x(i)) + F(i,i);

end

%visualization of the data set

plot(x,y,’b*’, x,y,’k-’, x0,y0,’r.’);

Problem 4. We want to study the performance of piecewise polynomial interpolation in this
problem. Use the Matlab build-in function interp1 to find piecewise linear and spline interpo-
lation values at x. Using the two data sets given in the previous problem and answer the same
questions therein.
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Solution. We can find that, using piecewise polynomial interpolation, the interpolation value
converges to the exact function value at the given point for both data sets. This is due to the
fact that we don’t need bounded high order derivative in the error estimation. The Matlab code
is attached.

% Homework Set 2 Problem 4

close all; clear all;

% Part a

disp(sprintf(’P.W. Linear Interpolation for Data Set 1\n’));

for n = [5 10 15 20]

x = -1:2/(n-1):1; y = 1./(1+x.^2); x0 = 3^0.5/2;

y0 = interp1(x,y,x0,’linear’);

err = abs( y0 - 1/(1+x0^2) )

end

disp(sprintf(’Cubic Spline Interpolation for Data Set 1\n’));

for n = [5 10 15 20]

x = -1:2/(n-1):1; y = 1./(1+x.^2); x0 = 3^0.5/2;

y0 = interp1(x,y,x0,’spline’);

err = abs( y0 - 1/(1+x0^2) )

end

% Part b

disp(sprintf(’P.W. Linear Interpolation for Data Set 2\n’));

for n = [5 10 15 20]

x = -5:10/(n-1):5; y = 1./(1+x.^2); x0 = 1+10^0.5;

y0 = interp1(x,y,x0,’linear’);

err = abs( y0 - 1/(1+x0^2) )

end

disp(sprintf(’Cubic Spline Interpolation for Data Set 2\n’));

for n = [5 10 15 20]

x = -5:10/(n-1):5; y = 1./(1+x.^2); x0 = 1+10^0.5;

y0 = interp1(x,y,x0,’spline’);

err = abs( y0 - 1/(1+x0^2) )

end

Problem 5. For the following experimental data (xi, yi)

xi .3526 .8032 1.081 1.389 1.753
yi 1.098 1.783 2.601 3.036 4.017

Implement the linear least square method for data fitting. Use your program to fit the data
above. Plot the linear least square line and the data points on the same picture. Plot the
polynomial interpolation together with your linear least square approximation also. And Matlab
code is attached.
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Solution. Linear least square problems can be solved by Matlab backslash solver. See Figure
2 for least square approximation and cubic spline interpolation.

Figure 2: Least Square vs Cubic Spline

% Homework Set 2 Problem 5

close all; clear all;

x = [.3526; .8032; 1.081; 1.389; 1.753];

y = [1.098; 1.783; 2.601; 3.036; 4.017];

n = length(x);

A = [ones(n,1) x];

c = A\y;

xx = linspace(min(x)-0.1,max(x)+0.1,100);

yy = c(1)+c(2)*xx;

ys = interp1(x,y,xx,’spline’);

plot(x,y,’ro’, xx,yy,’b-’, xx,ys,’k--’);

legend(’Sample data’, ’Least square approx’, ’Cubic spline’);

Problem 6. For the set of interpolation points {(xi, yi)}ni=1, if there is error in a particular
sample point i, how does the error propagate in the divided difference table? For simplicity, you
can assume that there is error in the first point: you get (x1, y1 + e) instead of (x1, y1).

Solution. To see how the error propagate in the divided difference table, we look at the following
divided difference table. We can prove by induction that the error for the n-th divided difference
is

(−1)n
e∏n

i=2(xi − x1)
.
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i xi yi y[xi] y[xi, xi+1] y[xi, xi+1, xi+2]

1 x1 y1 + e y1 + e
y2 − y1

x2 − x1
+

−e
x2 − x1

y3 − y2

(x3 − x2)(x2 − x1)
− y2 − y1

(x3 − x1)(x2 − x1)
+

e

(x2 − x1)(x3 − x1)

2 x2 y2 y2
y3 − y2

x3 − x2

...

3 x3 y3 y3
...

...
...

...
...

...
...

...

Problem 7. Find the Hermite polynomial p(x) which satisfies the following conditions

p(0) = 1, p(1) = 5, p′(1) = −1, p(2) = 0, p′(2) = 2.

Solution. We build the divided difference table first

i xi yi = y[xi] y[xi, xi+1] y[xi, xi+1, xi+2] · · ·
1 0 1 4 −5 1

2
21
4

2 1 5 p′(1) = −1 −4 11
3 1 5 −5 7
4 2 0 p′(2) = 2
5 2 0

Hence the Hermite interpolation polynomial is

p(x) = 1 + 4x− 5x(x− 1) +
1
2
x(x− 1)2 +

21
4
x(x− 1)2(x− 2).

Problem 8. Once the waveform has been aquired and digitised, it can be transformed to the
frequency domain using discrete Fourier transform (DFT). The fast Fourier transform (FFT) is
an efficient way to compute DFT coefficients and is often used in digital signal processing. The
FFT results can be either real and imaginary, or magnitude and phase, functions of frequency.
The key Matlab commands are fft and ifft, which compute the fast Fourier transform and its
inverse, respectively. Here we discuss two particular examples.

(a) When a signal is measured as a time signal it can be converted to a spectrum. This spectral
analysis shows the amplitude of the various frequencies contained within the signal. On
this spectrum it is usual for a resonance to occur. The resonance is seen by a comparatively
large amplitude at a specific frequency. This frequency is of interest in terms of the device
operating conditions. In order to further study the resonance it is possible to employ a band
pass filter for a specified frequency range. This filter allows only the frequencies within
the given band to pass. This method eliminates the noise which occurs when sampling. It
should be noted that the noise present is not only electrical but may be other resonances,
aliasing, other components of the machine or even other devices in close proximity. Use
the following Matlab code to generate signal
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t=linspace(0,2*pi,2^10); % discretizes [0, 2pi] into 256 nodes

y=exp(-(cos(t).^2)).*(sin(2*t)+2*cos(4*t)+0.4*sin(t).*sin(50*t));

Then write a code which filters out all high frequencies (keep 6 lowest frequencies) using
FFT and iFFT. Draw the original signal and the filtered signal in the same plot. Write
another code which filters out frequencies in the middle (keep 6 lowest and 6 highest
frequencies). Then draw the pictures again.

Solution. To filter certain frequencies out, we just simply let the corresponding Fourier
coefficients f̂k to be zero. The Matlab code is very easy. See Figure 3 and 4

% Homework Set 2 Problem 8 Part A (filtering)

t=linspace(0,2*pi,2^10); % discretizes [0, 2pi] into 1024 nodes

y=exp(-(cos(t).^2)).*(sin(2*t)+2*cos(4*t)+0.4*sin(t).*sin(50*t));

fy=fft(y); % computes fft of y

% sets fft coefficients to zero for $7 \leq k \leq 1024$

filterfy=[fy(1:6) zeros(1,2^10-6)];

filtery=ifft(filterfy); % computes inverse fft of the filtered fft

plot(t,y,t,filtery); % generates the plot of the compressed signal

legend(’signal’, ’filtered signal’);

% sets fft coefficients to zero for $7 \leq k \leq 1018$

filterfy=[fy(1:6) zeros(1,2^10-12) fy(2^10-5:2^10)];

filtery=ifft(filterfy); % computes inverse fft of the filtered fft

plot(t,y,t,filtery); % generates the plot of the compressed signal

legend(’signal’, ’filtered signal’);

Figure 3: Original signal and the filtered signal with only six lowest frequencies.
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Figure 4: Original signal and the filtered signal with six lowest and six highest frequencies.

(b) We are interested in compressing discrete time data by storing only the most significant
points of the data by FFT. If every point in the FFT is stored, it is possible to recover the
original signal exactly. But by effectively zeroing out less significant points in the FFT,
we introduce some error into the reconstructed signal in order to reduce the amount of
storage space. Now use the following data:

t=linspace(0,2*pi,2^10);

y=exp(-t.^2/10).*(sin(2*t)+2*cos(4*t)+0.4*sin(t).*sin(10*t));

Write a code which reduce the amount of storage to 20% of the original requirement by
FFT. Draw the original and compressed data in the picture.

Solution. To reduce the storage, we can ignore those insignificant Fourier modes by
making them zero. From Figure 5, although we store only 20%, the compressed signal is
still almost identical to the original one except the region close to the two end points.
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% Homework Set 2 Problem 8 Part B (compressing)

t=linspace(0,2*pi,2^10);

y=exp(-t.^2/10).*(sin(2*t)+2*cos(4*t)+0.4*sin(t).*sin(10*t));

fftcomp(t,y,0.2) % uses fftcomp with compression rate of 80 percent

function error=fftcomp(t,y,r)

% Input is an array y, which represents a digitized signal

% associated with the discrete time array t.

% Also input r which is a number between 0 and 1 representing

% the compression rate

if (r<0) || (r>1)

sprintf(’r should be between 0 and 1’);

end;

fy=fft(y);

fyc=compress(fy,r);

yc=ifft(fyc);

plot(t,y,’r-’,t,yc,’b:’);

legend(’signal’, ’compressed signal’);

error=norm(y-yc,2)/norm(y);

function w=compress(w,r)

% Input is the array w and r, which is a number between 0 and 1.

% Output is the array wc where smallest 100r% of the terms in w

% are set to zero

if (r<0) || (r>1)

sprintf(’r should be between 0 and 1’);

end

N=length(w); ww=sort(abs(w)); Nr=floor(N*r);

if (Nr>0)

tol=abs(ww(Nr)); w(abs(w)<=tol) = 0;

end

Problem 9. In order to construct Lagrange basis functions in a triangle in R2, we first con-
struct it in the reference triangle and then transform them to a general triangle using an affine
transformation.

(a) What are the first order Lagrange basis functions for the reference triangle?

Solution. Denote the vertices of the reference triangle by

V1 = (0, 0)T , V2 = (1, 0)T , V3 = (0, 1)T .

By the definition of the Lagrange basis functions, it is easy to check that

l̂1(x̂, ŷ) = 1− x̂− ŷ, l̂2(x̂, ŷ) = x̂, l̂3(x̂, ŷ) = ŷ.
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Figure 5: Original signal and compressed signal.

(b) Assume the coordinates of three vertices of a triangle T are (x1, y1)T , (x2, y2)T , (x3, y3)T .
Show that the following affine transform F

F

(
x̂

ŷ

)
= G

(
x̂

ŷ

)
+~b =

(
x2 − x1 x3 − x1

y2 − y1 y3 − y1

)(
x̂

ŷ

)
+

(
x1

y1

)

transforms the reference triangle to the triangle T given above.

Solution. By plugging three vertices of the reference triangle V1, V2 and V3, we obtain

(x1, y1)T , (x2, y2)T , and (x3, y3)T , respectively. Furthermore, the transformation G

(
x̂

ŷ

)

is linear which transform a straight line to another straight line. So G

(
x̂

ŷ

)
transform

the reference triangle to another triangle T ′ which is congruent to T . And F

(
x̂

ŷ

)
is

affine which is just a shift from G

(
x̂

ŷ

)
. So F is the transformation we need.

(c) Find the first order Lagrange basis functions on T .

Solution. To obtain the Lagrange basis functions on T , we use composite functions
l1(x, y) = l̂1(F−1(x, y))

l2(x, y) = l̂2(F−1(x, y))

l3(x, y) = l̂3(F−1(x, y)).
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It can be easily checked that li(x, y) satisfies the definition of the Lagrange bases.

(d) The transformation matrix G is very useful in many applications. For example, the area
of the triangle T is related to the determinant of G. Find the relation.

Solution. The area of T can be written as

1
2

1 1 1
x1 x2 x3

y1 y2 y3

=
1
2

1 0 0
x1 x2 − x1 x3 − x1

y1 y2 − y1 y3 − y1

=
1
2
|G|.

Problem 10. Consider the L2 error estimate for piecewise linear interpolation. Let {(xi =
ih)}ni=0 with h = 1/n be a uniform partition of the interval [0, 1]. For a function f ∈ C2([0, 1]),
we have the piecewise linear polynomial interpolation p. Show the error estimation by following
the steps below:

(a) Show that for x ∈ [0, h] there holds

|f(x)− p(x)| ≤
√

3hx
(∫ h

0
|f ′′(s)|2ds

) 1
2

.

Hint: use the remainder in integral form in the Taylor expansion and notice that

g(x)− g(0) =
∫ x

0
g′(s)ds.

(b) Show that ∫ h

0
|f(x)− p(x)|2dx ≤ h4

∫ h

0
|f ′′(x)|2dx.

(c) Prove that
‖f − p‖L2([0,1]) ≤ h2‖f ′′‖L2([0,1]),

where the L2-norm of a function g is defined as ‖g‖L2([0,1]) :=
(∫ 1

0 |g(x)|2dx
) 1

2
.

Solution. To simplify the notation, we define e(x) = f(x)− p(x). By the Taylor expansion, we
obtain that, when x is close to 0,

f(x) = f(0) + f ′(0)x+
∫ x

0
f ′′(t)(x− s)ds.

On the other hand, since p(x) is the linear interpolation of the continuously differentiable func-
tion f on [0, h], we have

p(x) = f(0) + f ′(α)x for some α ∈ [0, h].
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Hence by subtracting the last two equations, we get

e(x) = (f ′(0)− f ′(α))x+
∫ x

0
f ′′(s)(x− s)ds = x

∫ α

0
f ′′(s)ds+

∫ x

0
f ′′(s)(x− s)ds.

Then we take absolute values on both sides and apply the Cauchy-Schwarz inequality to obtain

|e(x)| ≤ x
∫ α

0
|f ′′(s)|ds+

∫ x

0
|f ′′(s)(x− s)|ds

≤
√
hx

(∫ h

0
|f ′′(s)|2ds

) 1
2

+
(
x3

3

) 1
2
(∫ x

0
|f ′′(s)|2ds

) 1
2

≤

(
√
h+

√
h√
3

)
x

(∫ h

0
|f ′′(s)|2ds

) 1
2

≤
√

3hx
(∫ h

0
|f ′′(s)|2ds

) 1
2

Now we can estimate the L2 norm of e(x) on the interval [0, h]:∫ h

0
|e(x)|2dx ≤ 3h

∫ h

0
x2dx

∫ h

0
|f ′′(s)|2ds = h4

∫ h

0
|f ′′(s)|2ds.

The last inequality can be generalized to any subinterval [xi, xi+1] by shifting the interval [0, h].
The total L2 error can then be estimated by∫ 1

0
|e(x)|2dx ≤

n∑
i=1

h4

∫ xi+1

xi

|f ′′(s)|2ds = h4‖f ′′‖L2([0,1])

So the composite linear interpolation converges of second order in L2-norm.
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