
Math 555: Final Project

In this project, we are going to develop primal-dual interior point (IP) algorithms for large
scale nonlinear programming problems based on line search strategies and BFGS quasi-Newton
techniques with limited memory storage.

Consider problems of the form {
min f(x)
c(x) ≥ 0

(1)

where f : Rn → R and c : Rn → Rm are continuously differentiable functions. Let us denote
by ∇f(x) the gradient of f at x, ∇c(x)> the Jacobian matrix of c at x, λ ∈ Rm a vector of
Lagrange multipliers, C = diag(c1, · · · , cm) the diagonal matrix, whose diagonal elements are
the components of c.

The Lagrange function associated with problem (1) is the function L : Rn×Rm → R defined
by L(x, λ) = f(x)− λ>c(x). The gradient and Hessian of L with respect to x are given by

∇xL(x, λ) = ∇f(x)−∇c(x)λ

∇2
xxL(x, λ) = ∇2f(x)−

m∑
i=1

λi∇2ci(x).

The primal-dual interior point algorithm computes iteratively approximate solutions of the per-
turbed KKT optimality conditions associated to (1)

∇xL(x, λ) = 0
C(x)λ− µe = 0
(c(x), λ) > 0

(2)

for a sequence of parameters µ > 0 converging to zero. For each fixed µ, an approximate solution
of (2) is computed by means of a sequence of Newton iterations, called inner iterations. Let us
denote by zk := (xk, λk) the vector pair of primal-dual iterates at the k-th inner iteration. The
iterates are generated according to the recurrence

zk+1 = zk + αkdk,

where dk is the Newton direction, obtained by a linearization of (2) at zkand αk is a step length.
The direction dk := (dkx, d

k
λ) is the solution of the following linear system(

Mk −∇c(xk)
Λk∇c(xk)> C(xk)

)(
dkx
dkλ

)
= −

(
∇f(xk)−∇c(xk)λk

C(xk)λk − µe

)
, (3)

in which Mk is a positive definite matrix approximating ∇2
xxL(xk, λk). Note that, in standard

interior point methods, Mk = ∇2
xxL(xk, λk) .

In order to apply the IP method to large scale problems, we need to do some modifications
to the algorithm above and we describe the modified algorithm step by step.
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Step 1. IP Algorithm with Step Length Control
The step length αk can be computed by means of a backtracking line search, performed on

the primal-dual merit function

ψµ(x, λ) = f(x)− µ
m∑
i=1

log ci(x) +
m∑
i=1

(λici(x)− µ log(λici(x))). (4)

Starting from the unit step (α = 1), the value of the step length is progressively reduced to keep
the new iteration zk+1 still feasible and satisfies the following sufficient decrease condition:

ψµ(zk + αkdk) ≤ ψµ(zk) + αkω∇ψµ(zk)>dk,

where ω ∈ (0, 1).
Implement the above line search algorithm. Describe and implement at least one more

strategies for choosing step length. You can define different merit function, or use filtering
techniques, or use trust region algorithms.

Step 2. Choices of Barrier Parameters
In practice, the choice of barrier parameters µ is very important. The convergence speed

is sensitive to the choice of µ. Give at least two strategies for updating µ and compare the
performance.

Step 3. Quasi-Newton Approximation
We use the BFGS formula to update the approximate Hessian matrix (instead of the exact

Hessian matrix as in Newton’s method)

Mk+1 = Mk −
Mksks

>
kMk

s>kMksk
+
yky
>
k

y>k sk
, (5)

where sk and yk are defined by

sk := xk+1 − xk

yk := ∇xL(xk+1, λk+1)−∇xL(xk, λk+1).
(6)

So in this sense, for the BFGS quasi-Newton method, once M0 and {(sj , yj)}k−1
j=0 are given the

approximate Hessian matrix Mk is determined. This property is important for limited memory
storage later.

Step 4. Solving the Reduced System
By eliminating dkλ from the first equation in (3), show that the primal direction dkx satisfies

the following linear system:

(Mk +∇c(xk)ΛkC(xk)−1∇c(xk)>)dkx = −∇f(xk) + µ∇c(xk)C(xk)−1e, (7)

and the dual direction is computed with only some matrix-vector products:

dkλ = −λk + C(xk)−1(µe− Λk∇c(xk)>dkx). (8)
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Step 5. Limited Memory Storage
When n is large, a full representation of the n × n matrix Mk is too expensive to store in

computer memory. Instead, limited memory techniques keep only a few number of vector pairs
(sk, yk) of total length 2n, that allows us to have an implicit representation of the matrix Mk.
In our case, the coefficient matrix of the linear system (7) is of the form Mk +Nk, where Mk is
the BFGS approximation and Nk is symmetric and positive semidefinite (show this). Then we
can represent the matrix Mk + Nk in compact form (How? Hint: discussed in class. Be very
careful. You cannot store the full matrix Nk neither).

We keep in memory a fixed number, say r, of the most recent vector pairs (sk, yk) defined
by (6) and such that y>k sk > 0 (why this is important? ). At each iteration, if the new pair
satisfies y>k sk > 0, the oldest pair is removed from the memory and the new one is stored. At
each iteration, a new initial matrix is computed. One practical choice is using the scaling factor
and the initial matrix M0 = γkI,

γk =
y>k−1yk−1

y>k−1sk−1
for k ≥ 1 and γ0 = 1. (9)

Step 6. Numerical Experiments
Use the following quadratic programming problem as a test example for your algorithm

min f(x) = 1
2x

TAx

s.t. l ≤ x ≤ u

where A = V TΣV and Σ = diag(σ1, . . . , σn). Here V is a Householder matrix defined by
V = I − 2vvT , in which v is a unit vector. For example, you can use the following Matlab code
as your objective function (note that you don’t want to form the full matrix A or V here):

a = (1:n)’; a = cos(.5*pi*a/(n+1));

v = ones(n,1); v = v/sqrt(n);

y = x-2*(v’*x)*v; a = a.*y; % Ill Conditioned and Not separable

f = (1/2)*a’*y;

We use the lower bound l = (5, . . . , 5)T and the upper bound u = (100, . . . , 100)T . The
optimal solution should be x∗ = (5, . . . , 5)T . First write this test problem in the standard
form (1) (Note that for this so-called box constraint, ∇c is very special and it is very good for
implementation. Why?). And then start from a strictly feasible initial guess x0 = (75, . . . , 75)T

and the problem dimension n = 100, 500, 1000, 5000, 10000. Compare the CPU time of your
algorithms with standard Matlab Optimization toolbox functions: fminbnd and fmincon. Notice,
for fminbnd and fmincon, you can choose different algorithms for solving the problem (see Matlab
documentations). What happens if you choose your initial guess close to the boundary, for
example x0 = (95, . . . , 95)T .

Discuss the limitations of your algorithm(s) and what is your plan to overcome these limi-
tations.
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